Introduction
In this paper we deal with the properties of 3-parametric robot manipulators (in short robots) with parallel rotational axes. We describe motions of the robot effector by using the theory of Lie groups and Lie algebras which is applied to the Lie group (3) E of all orientation preserving congruences of the Euclidean space 3 E . By the concept of an nparametric robot we will understand the map (3) :
, see (Karger, 1988) , where the robot n A ϒ is viewed as an immersed submanifold n A ϒ of the Lie group (3) E . We classify 3-parametric robots into four classes. The classification criterion is the spherical rank of the robot, which is the number of independent directions of revolute joints axes. Robots of the spherical rank 1 are robots whose axes of revolute joints are mutually parallel and different. The main aim of the paper is to introduce asymptotic robot motions. The notion of asymptotic motions is connected with the theory of connections. On a pseudo-Riemannian manifold ( (3) E has pseudo-Riemannian structure), there is a canonical connection called the LeviCivita connection. As a connection on the tangent bundle, it provides a well defined method for differentiating all kinds of tensors. The Levi-Civita connection is a torsion-free connection on the tangent bundle and it can be used to describe many intrinsic geometric objects. For instance, a geodesic path, a parallel transport for vector fields, a curvature and so on. ϒ is asymptotic, see (Karger 1993 ). We will introduce asymptotic robot motions without explicit use of the Levi-Civita connection. A robot motion is asymptotic, if the Coriolis acceleration is tangential to and Klein subspaces and show that they are closely associated with asymptotic motions. In this paper we describe all asymptotic motions by systems of differential equations for all 3-parametric robot manipulators with parallel rotational axes. Future research: to describe all asymptotic motions for all 3-,4-,5-parametric robot manipulators with revolute and prismatic joints only, practical purposes of the asymptotic motions.
Basic notions of robot manipulators
Common commercial industrial robots are serial robot-manipulators consisting of a sequence of links connected by joints, see Fig. 1 . Each joint has one degree of freedom, either prismatic or revolute. For a robot with n joints, numbered from 1 to n , there are 1 + n links, numbered from 0 to n . The link 0 or n will be called respectively the base or the effector of the robot. The base will be fixed (non movable). Joint i connects links i and 1 + i
. We view a link as a rigid body defining the relationship between two neighbouring joints. In the concept of the Denavit-Hartenberg conventions (Denavit & Hartenberg, 1955) the base coordinate system 0 S is firmly connected with the base. The base axis 0 z is the axis 1 o of 1st joint. The effector begins in n th joint and is firmly connected to the coordinate system n S . Figure 1 . n -parametric robot, 4 = n A congruence in the Euclidean space 3 E is determined by the base coordinate system 0 S and by the effector coordinate system n S in each position of the robot (i.e., at time t ). V V × , where addition and the Lie bracket are defined as follows: 
, is given by
is the matrix of the form (1) and n S is n th power of the matrix S . The matrix ) ( exp S is a regular matrix,
, for further properties see (Helgason, 1962) . For the motion determined by the curve )) ,
and exp is exponential map, we have: ) then it is a rotational motion. From the mathematical point of view, we can define a robot by the exponential map which is applied to the elements of the Lie algebra (3) e , see (Karger, 1988) , as follows:
. Then a robot with n degrees of freedom is a map Remark 1. For simplicity we will use u instead ) (t u .
see (Karger, 1989) , where 
In what follows we confine ourselves to m n = . Without loss of generality we will assume that ) , ,
is the rank of the robot. Then there is a neighborhood
Let us consider the acceleration of any effector point L . The velocity of the point L at a time
Let us differentiate the last equation. We get the relation for the acceleration of the effector point L at the time t :
The derivative of the equation (2) is 
The acceleration of the point L at any t is of the form 
where O is the origin of the coordinate system 0 S and o is the axis of X . We will deal with robots which have no helical joints. The capital letter R will indicate a revolute joint, T a translational (prismatic) joint. Then, for example, RRT denotes a 3-parametric robot the first and second joints of which are revolute and the third is prismatic. Definition 5. A robot n A ϒ is the robot of spherical rank r if r is the maximal number of linearly independent directions of revolute joint axes.
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It is obvious that 3-parametric robots have spherical rank 0, 1, 2 or 3. In the next part we will deal with 3-parametric robots of spherical rank 1. Remark 4. It is interesting deal with the problem whether 3-parametric robots 3 A ϒ of spherical rank 1 lie within any subgroups of the Lie group (3) E the dimension of which is less than 6. Common knowledge is that there is only one connected 4-dimensional Lie subgroup 4 H of (3) E (up to conjugacy), see (Karger 1990) , (Selig, 1996) . The subgroup 4 H is the group generated by a one parametric rotation around straight line ( (2 . We can always choose twists
Remark 5. . 
Therefore the Klein subspace is determined by the element ) is a subalgebra.
Robots with 2 prismatic and 1 revolute joints
There are the following possibilities with respect to the configuration. In the case TRT, the equation in the case TRT. c) In the case that the axis of the revolute joint is parallel to one axis of a prismatic joint: a motion is nontrivial asymptotic iff the revolute joint and only the prismatic joint whose axis is parallel to the axis of the revolute joint, work. (3) Let us investigate asymptotic robot motions in a regular position, when 2 = dimCA and
, is valid. In this case the motion is asymptotic at the point ) (u if and only if
. We summarize the previous results. Proposition 6. Let 3 A ϒ be a robot of spherical rank 1 with two prismatic joints and let the directions of the joint axes be independent at 0 t ; i.e., 
in the canonical basis of the Coriolis space. If these relations are true for any admissible t then the motion is asymptotic. In this case there are nontrivial asymptotic motions with the nonzero Coriolis acceleration.
Robots with 1 prismatic and 2 revolute joints
Let ξ be the plane determined by the axes of the revolute joints. There are three possibilities with respect to the configuration. , is nontrivial asymptotic iff the prismatic joint and only one revolute joint work. 
